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The flight and structural dynamics of a very flexible aircraft, especially while maneuvering, aremore tied together

than those of conventional aircraft. Hence, it is necessary to study the coupled effects of flight dynamics,

aeroelasticity, and control. This paper presents a multibody dynamic approach in which the flexible aircraft is

modeled as a feedback-controlled multibody system under aerodynamic forces. The governing equations of the

system are established by combining the equations of amultibody system, the ONERAaerodynamicmodel, and that

of controls. The trim state of the flexible aircraft is solved using a dynamic relaxation method around which the

perturbation equation is derived and solved for system stability. To demonstrate the advantage of multibody

dynamics inmodeling the constrained system undergoing large displacements and rotations, the proposed approach

is applied to the flexible aircraft in level flight and in the circling and dive–loop–climbmaneuvers. Beyond the flutter

boundary, the limit cycle oscillations response is solved, in which several interesting aspects of flexible aircraft flutter

are revealed. In the end, the jointflutter andattitude control is used to suppressflutter response and stabilize attitude.

Nomenclature

A, B,
C, D

= system matrix, control matrix, observe matrix,
and transfer matrix

a = acceleration, m=s2

b, c, �l = airfoil semichord length, airfoil chord length, and
wing segment span length, m

C = aerodynamic coefficient
Cs, Gs, Ks = damping matrix, gyroscope matrix, and stiffness

matrix
d = coefficients of backward differentiation formulas
F, F = force, force vector, N
f , g = differential equation, algebraic equation
G = mapping matrix
H = transfer function of feedback control
h = deflection, m
I, J = inertia matrix, inertia matrix corresponding to

Euler parameter
I = cross sectional inertia moment, m4

k = coefficient of control law
m,M = mass matrix, generalized mass matrix, kg
n = total number
O = coefficient matrix of the ONERA airfoil equation
P = generalized force
p, q, r = parameters of the ONERA airfoil equation
Q = generalized force corresponding to Coriolis force

and centrifugal force
q, v = generalized coordinate vector, generalized

velocity vector
s = local vector under the body-fixed reference frame
S = area of control surface or wing, m2

s = integrator order
T = generalized forces corresponding to the Euler

parameter
T, U = kinetic energy of the system, potential energy of

the system, J
t, t� = time, dimensionless time, s

u, x, y = control vector, state vector and observed variable
of control system

V, V = speed, velocity, m=s
x, y, z, r = Cartesian coordinates, and Cartesian coordinate

vector, m
z = integral variables
� = torsion angle, rad
aoz = slope of linear static aerodynamic coefficient

curve, 1=rad
�, � = deflection of control surface, deflection vector of

control surface, rad
�, � = variable, input vector of the ONERA airfoil

equation
� = efficiency coefficient of the control surface
�,  , � = pitch angle, yaw angle, and roll angle, rad
�, � = Euler parameter, Euler parameter vector
� = density, kg=m3

	, � = Lagrange multiplier, Lagrange multiplier vector
�, � = constraint equation, constraint equation vector

 = sweepback angle, rad

Subscripts

b, c, s = body, constraint, and accelerometer
L, D,M = lift, drag, and pitching moment
LA, RA,
LF, RF

= left aileron, right aileron, left flap, and right flap

p, d = proportional, derivative (control)
R, LE, RE = rudder, left elevator, and right elevator
z, za, zb = aerodynamic (coefficient), linear aerodynamic

(coefficient), and nonlinear aerodynamic
(coefficient)

1=4 = wing quarter-chord
, = partial derivative
~ = skew-symmetric matrix
� = trim state (variable), or reference (variable) of

control system
^ = perturbation (variable around the trim state)
_ = (polynomial) at previous time steps

Superscripts

ac = aerodynamic center
c = control surface
e = effective
F, A = flutter control, attitude control
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g, p, b, a = gravity, propulsion force, elastic force of beam,
and aerodynamic force

hf, pf, fw = heading of fuselage, plunge of fuselage, and flap
of wing

I = instantaneous
i, d = independent, dependent (variable)
L, D,M = lift force, drag force, and pitching moment (L� 0

denotes zero lift)
lw = local wind (velocity)
t = total
1 = freestream (velocity)

I. Introduction

T HIS research is motivated by the necessity to study the coupled
effects of flight dynamics, aeroelasticity, and control of very

flexible aircraft, such as high-altitude long-endurance (HALE)
aircraft with high-aspect-ratio wings, which may undergo large
deflections in maneuvering [1,2], and the lower frequency elastic
modes of which may also susceptible to the excitation of flight
controls [3].

Aeroelasticity is a long-standing but challenging topic in aircraft
designing. Linear aeroelasticity has already been well understood
since the 1950s [4–6], while nonlinear aeroelasticity has also been
studied for nearly two decades, as reviewed by Dowell et al. [7,8].
Considerable research has been carried out to study the effect of
nonlinearity on aeroelastic behavior. In these studies, nonlinearity
included structural nonlinearity, stall nonlinearity, and free-play
nonlinearity of the control surface. Limit cycle oscillations (LCOs)
have also been found in nonlinear aeroelasticity [9,10].

With the development of the very flexible aircraft, the interaction
between flight dynamics and aeroelasticity has come to attract the
attention of several researchers. Patil and Hodges [11] as well as
Chang et al. [12] studied the flight dynamics of a flexible flying wing
and aircraft considering nonlinear structural deformation. Shearer
andCesnik [13] focused on the characterization of the response of the
very flexible aircraft in flight. Meirovitch and Tuzcu [14] presented a
unified theory for flight dynamics, aeroelasticity, and control, in
which the rigid-body motions of the fuselage and elastic dis-
placements of flexible components relative to the fuselage have been
considered. Nguyen [3] presented an integrated flight dynamic
modeling method for the flexible aircraft by incorporating aero-
elasticity effects. In these studies, the finite element method and
modal reduction technique have been used as the basic modeling
methodologies.

The constrained system containing rigid and flexible components
can be conveniently modeled using the multibody dynamic
approach, which is based on the differential-algebraic equation
(DAE) [15–17]. In recent years, themultibody dynamic approach has
already been applied to fluid–structure coupling analysis [18] and

multiphysics coupling analysis [19]. This approach has also elicited
attention from the aeroelastic community. Bauchau et al. [20]
modeled rotorcraft systems using a multibody dynamic approach.
Das et al. [21,22] used the plate and shell elements of multibody
dynamics tomodel helicopter blades. Scarlett et al. [23] simulated the
aeroelastic response of the folding wing of an unmanned combat
aerial vehicle using their integrated aeroelastic simulation tool.

This paper aims to present an integrated approach of flight
dynamics, nonlinear aeroelasticity, and control based on multibody
dynamics. The aircraft, consisting of a fuselage, wing structures, and
control surface mechanisms, was taken as a multibody system.
Aerodynamic force was determined using the ONERA aerodynamic
model, and feedback control was embedded for attitude and flutter
controls of the fuselage and wings, respectively. Trim condition was
obtained by dynamic relaxation under attitude and throttle controls.
Then the perturbation equation of the multibody system was derived
around the trim state. Several numerical examples of wing models
and flexible aircraft are provided in this paper. In the numerical
examples, the presented approach was applied to the trimming and
stability analyses of thewingmodel, throughwhich theflutter critical
velocity and system instability mode were identified. Beyond the
flutter boundary, the LCO responsewas solved. The trim condition of
the flexible aircraft was then obtained using dynamic relaxation
under attitude and throttle controls. The coupled dynamic behaviors
of the flutter and flight of the flexible aircraft in level flight were
studied. The same dynamic behaviors were also studied during the
circling and dive–loop–climb maneuvers. The flutter and attitude
joint control was used to suppress limit cycle response and stabilize
aircraft attitude.

II. Multibody Dynamic Modeling of the
Flexible Aircraft

The flexible aircraft is a typical multibody system consisting of a
fuselage, wing structures, and control surfacemechanisms (Fig. 1). It
can be conveniently modeled with multibody dynamics. The aircraft
is taken as a multibody system consisting of rigid bodies connected
by constraints and finite segment beams. The fuselage, fin, rudder,
and tails are modeled as interconnected rigid bodies with constraints.
The wings, flaps, and ailerons are modeled as the segments con-
nected with flexible beams.

In the multibody dynamic approach, the position and attitude of
every rigid body can be described by Cartesian coordinate r of its
mass center and Euler parameter �, which are both taken as the
generalized coordinates of the rigid body as

q � � rT �T �T (1)

where

Fig. 1 Diagram of a multibody dynamic model of the entire aircraft.
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r � �x; y; z�T �� ��0; �1; �2; �3�T (2)

According to Euler’s finite displacement theorem, the orientation
of any rigid body can be achieved by a single rotation about an axis,
based on the Euler parameters [24] defined as

�0 � cos��=2� �1 � nx sin��=2� �2 � ny sin��=2�
�3 � nz sin��=2� (3)

where nx, ny, and nz are the three components of the orientation axis,
and � is the angle of rotation.

The four Euler parameters are dependent on one another,
satisfying the following normalization constraint:

�� � �T� � 1� 0 (4)

All aircraft parts are represented in a coupled system by constraint
equations [16]. The middle wing segment and fin are fixed to the
fuselage, the tail is joined to the fuselage by a revolute joint, and the
rudder is joined to the fin by a revolute joint. Every flap segment or
aileron segment is joined to a corresponding wing segment by a
revolute joint. The angle of the revolute joint is controlled by the
angular displacement or angular velocity constraint. All constraints,
including the Euler parameter normalization constraints, can be
expressed in the following unified form:

�k�q1; q2; . . . ; qnb ; t� � 0 k� 1; . . . ; nc (5)

Using Lagrange’s equations of the first kind [25], the dynamic
equations of the system can be written as

M i �qi �Qi � Pi �
Xnc
k�1

�T
k;qi
	k � 0 i� 1; . . . ; nb (6)

where

Mi�
mi 0

0 Ji

� �
; Ji� 4GTi IiGi

Gi�
��1i �0i �3i ��2i
��2i ��3i �0i �1i
��3i �2i ��1i �0i

2
4

3
5 Qi�� _Mi _qi�TTi;qi

Ti�
1

2
_qTiMi _qi; Ti;qi � �Ti;ri Ti;�i � Pi� �FTi TTi �T

�k;qi
� ��k;ri �k;�i � (7)

The dynamic equations of each body are coupled by the Lagrange
multiplier 	k and the Jacobian matrix�k;qi

of constraint Eq. (5). The
generalized force Pi contains four parts (gravity, propulsion force,
aerodynamic force, and the elastic beam force), and these are
expressed as

P i � Pgi � P
p
i � Pbi � Pai (8)

A. Generalized Force of Gravity

The gravityFgi is a concentrated force acting on the mass center of
the rigid body. Using the principle of virtual work,Pgi is expressed in
the following simple form:

P g
i �

Fgi
04�1

� �
(9)

B. Generalized Propulsion Force

The propulsion force Fpi is a concentrated force acting on the
fuselage. Using the principle of virtual work, Ppi is derived as

P p
i �

Fpi
Tpi

� �
(10)

where

T p
i � 2GTi �

p
i ; �pi � ~spi F

p
i (11)

The vector of the action point of the propulsion force under the
body-fixed reference frame of the fuselage is spi . Meanwhile, Tpi is
the generalized force corresponding to the Euler parameter, where �pi
is the moment under the body-fixed reference frame, and 2GTi is the
mapping matrix from �pi to T

p
i .

C. Generalized Force Contributed by the Elastic Force of Finite

Segment Beam

Using the finite segment approach, the flexible wing is assumed to
consist of a set of rigid segments that are connected bymassless beam
segments [26]. As shown in Fig. 2, Oi and Oj are the nodes of two
beam segments, and Ci and Cj are the mass centers of the rigid
segments.

According to the assumption of small relative deformation, every
beam segment is equivalent to a generalized linear spring element,
and its stiffness matrix can be derived from the finite element beam

theory [27]. In this sense, F̂
b
i and �̂

b
i can be regarded as a generalized

linear spring force and moment acting on body I (Fig. 2).
Using the principle of virtual work, the generalized forces

contributed by the elastic force of the finite segment beam are derived
as

P i
b �

Fbi
Tbi

� �
; Pjb �

Fbj
Tbj

� �
(12)

where

T b
i � 2GTi �

b
i ; Fbj ��Fbi ; Tbj � 2GTj �

b
j

�bi � �̂bi � ~siF̂
b
i ; �bj ����̂bi � ~sjF̂

b
i � ~sijF̂

b
i � (13)

The vectors fromCi toOi,Cj toOj, andOj toOi are si, sj, and s
i
j,

respectively. In addition, Tbi and Tbj are the generalized forces

corresponding to the Euler parameter acting on bodies I and J,
respectively, where �bi is the moment acting on body I and �bj is the
moment acting on body J. Finally, 2GTi and 2GTj are the mapping

matrixes from �bi to T
b
i and from �bj to T

b
j , respectively.

D. Generalized Aerodynamic Force

The aerodynamic forces are evaluated by combining the strip
theory [28] and ONERA model [29], in which each airfoil strip
corresponds to one wing segment in the structural model. The
generalized aerodynamic force Pai will be developed in Sec. III.

III. Aerodynamic Model

The lift, drag, and aerodynamic moment are expressed as

FLi � 1
2
��V1i �2�CL�ic�li FDi � 1

2
��V1i �2�CD�ic�li

�Mi � 1
2
��V1i �2�CM�ic2�li (14)

The aerodynamic coefficients CL, CM, and CD of the airfoil are
computed using theONERAequation. The freestreamvelocity of the
flight model varies with the motion of the wing, and is defined as the
vector difference between the local wind velocity and the velocity of

iO

O

C

is
iC

s
ˆ b

iFI

J

is
ˆ b

iτ

j

j

j

j

Fig. 2 Representation of the finite segment beam.
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the aerodynamic center of the wing projected in the airfoil plane
depicted as [30]

V 1i � Vlw
i � Vac

i (15)

WhenVac
i � 0, the abovementionedmodel is reduced to thewind-

tunnel model.

A. ONERA Airfoil Equation

The ONERA airfoil equation [31] can be reformulated in the
following matrix form:�

_�z � Oz�z ��z � 0

Cz � Cza � Czb
z� L;M; or D (16)

If z� L orM, then we arrive at

�z � �Cz� Czb � �T

Cza � t�pz1 _�e � t2�pz2 ��I � t�pz3 _�I � Cz�

�Cz � aoz�e � Cz; Oz �
1

t�

q1 0 0

0 0 �1
0 rz2 rz1

2
4

3
5

�� t� _Czb

�z �
1

t�

�q1aoz��e � t� _�I� � q2aoz�t� _�e � t2� ��I�
0

rz2�Cz � t�rz3 @�Cz@�I
_�e

2
4

3
5 (17)

If z�D, then we arrive at

�z � �CDb � �T

�CD ��0:042�e � 0:1473��e�2 � 4:923��e�3

CDa � 0:014 Oz �
1

t�

0 �1
rD2 rD1

" #

�z �
1

t�

0

rD2�Cz � t�rD3 _�e

" #

�� t� _Czb; t� � b=V1 (18)

where

�e � �I �
_h1=4
V1
� �L�0 � �c; �c � ��

��
���������������������������
�Sc=St� cos


p
(19)

The efficiency coefficient � of the control surface is approximately
evaluated according to the procedure described in [32]. All variables

such as �I , _�I , ��I , h1=4, _h1=4, and �h1=4 can be expressed in q, _q, and �q.
The input vector �z of the ONERA airfoil equation could be
expressed in the following form:

� z � �z�q; _q; �q; �� (20)

For simplicity, all parameters used in this study, includingpz1,pz2,
pz3, q1, q2, rz1, rz2, rz3, rD1, rD2, rD3,�Cz, and @�Cz=@�

I , were the
same as those given in [31], whichwere only applicable to theNACA
0012 airfoil. In comparison, the proposed model can be easily
adapted to other airfoils.

B. Generalized Forces Contributed by Aerodynamic Force

The aerodynamic force and moment about the mass center are
expressed as

F a
i � FLi � FDi (21)

and

� ai � ~siF
L
i � ~siF

D
i � �Mi (22)

where si is the vector of the quarter-chord tip in themass center frame
of the body (see Fig. 3).

Using the principle of virtual work, the generalized force corre-
sponding to aerodynamic force is derived as

P a
i �

Fai
Tai

� �
(23)

where

T a
i � 2ETi �

a
i ; Ei �

��1i �0i ��3i �2i
��2i �3i �0i ��1i
��3i ��2i �1i �0i

2
4

3
5 (24)

The generalized force corresponding to the Euler parameter of the
wing segment I is Tai , where 2E

T
i is the mapping matrix from �ai to

Tai .

IV. Feedback Control

The attitude, throttle, and flutter controls were embedded into the
aircraft model to stabilize aircraft attitude and suppress limit cycle

response. By observing  , �, �, _ , _�, _�, af , aw, vh, and ah, the
designed control law determined the control variables � and Fp. The
control surfaces were manipulated and the throttle was adjusted so
that the aircraft maintained the given flight state and its wing flutter
response was suppressed (see Fig. 4).

A. Description of Control

The aim of attitude and throttle controls is to ensure that the aircraft
achieves and maintains a given flight state. The flutter controller
incorporating attitude control is used to suppress limit cycle
response, in which the control surfaces and throttle are taken as
actuators. The controlled, control, observed, and reference variables
of the control system are listed in Table 1.

B. Implementation of Control in Multibody Dynamics

Each control can be considered by transfer function H�s� of
feedback control given as

u �s� �H�s�y�s� (25)

The state space realization of H�s� is obtained using the
realization technique of controllable criterion in the control theory
[33] and is written as

P
�A;B;C;D�, by which the relationship

between the control vectoru and the observed variable y is expressed
as

�
_x�Ax�By
u� Cx�Dy

(26)

This system includes the three types of feedback controls, and the
variables of Eq. (26) are defined as

O

i

X

X

D
iF

iO

i
∞V

iZ

iA

M
iτ

L
iF

Y Z

is

Fig. 3 Aerodynamic force and aerodynamic moment of airfoil.
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y � �� _�  _ � _� apf afw1 	 	 	 afwns vhf ahf �T

u� � �T Fp �T

�� � �AR �ALE �ARE �ALA� �FLA �ARA� �FRA �FLF �FRF �T (27)

The observed variable y can be expressed as a function of the
generalized coordinate q, generalized velocity _q, and generalized
acceleration �q as

y � y�q; _q; �q; t� (28)

The control of each control surface is introduced into multibody
system by the angular displacement constraint or the angular velocity
constraint. The throttle control is implemented by the generalized
force Pa.

V. Governing Equation of the Aircraft

Combining the multibody dynamic equation (6), the ONERA
equation (16), and the state equation (26) of feedback control, the
governing equation of the entire aircraft is obtained as8>>>>>>>>><

>>>>>>>>>:

M �q �Q � P ��T
q� � 0

_�z �Oz�z ��z � 0

��q; u; t� � 0

y� y�q; _q; �q; t�
_x�Ax�By
u� Cx�Dy

(29)

Governing Eq. (29) can be solved through the time discretization
and numerical integration scheme. This solution scheme is shown in
Fig. 5 in which, for convenience, the superscripts (n) and (n� 1)
represent the governing variables at then and n� 1 time steps, and

the superscript (m) represents the observed variables at the m
sampling step. Several variables are expressed in the form containing
arguments for describing the implementation of control, and the
generalized force P is expressed in detailed form using Eq. (8).

Thefirst three equations of Eq. (29) describe the aeroelastic system
consisting of the multibody aircraft and aerodynamic models.

Denoting

z �

q
v
�z
&

2
664

3
775; v� _q; f�z; _z; t��

_q� v
M _v�Q�P
_�z�Oz�z��z

2
4

3
5

&�

�
0
0
0

2
664

3
775; g�z; t����q;u; t� (30)

The first three equations of Eq. (29) can be expressed as�
f�z; _z; t� � gz�z; t�&� 0

g�z; t� � 0
(31)

Equation (31) is a typical, fully implicit, and index-3 DAE, which
can be integrated by numerical integration methods, such as the
implicit Runge–Kuttamethod and backward differentiation formulas
(BDFs) [34]. This work adopted the BDF method as the integration
scheme. The underlying idea behind the use of BDF is to replace
the differentiation of the integration variable by interpolating a

Fuselage 

Wing 

Control surface 

Aircraft System 

Flutter controller FH

Attitude controller AH

Controlled variables 

δ

, ,

, ,

ψ θ φ
ψ θ φ

pfa

fwa
+
−Aδ Fδ

++

, ,

, ,

ψ θ φ

ψ θ φ−+

,hf hfv a ,hf hfv a

Throttle controller TH

pF + −

Fig. 4 Control system diagram.

Table 1 Description of control

Controlled
variable

Control
variable

Observed
variable

Reference
variable

Attitude controlHA

 , _ 

�, _�

�, _�

�AR
�ALE, �

A
RE

�ALA, �
A
RA

 , _ 

�, _�

�, _�

� ,
�_ 

��,
�_�

��,
�_�

Throttle controlHT

vhf Fp vhf , ahf �vhf , �ahf

Flutter controlHF

jafw1 � apf j 	 	 	
jafwns � apf j

�FLA, �
F
RA

�FLF, �
F
RF

afw1 ; . . . ; a
fw
ns

apf

Fig. 5 Solution scheme of the governing equation of the entire aircraft.
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polynomial through their values at current and previous time steps. It
is written as

_z �n�1� �
Xs
i�0

di 	 z�n�s�1�i� � ds 	 z�n�1� � z
_�n�1� (32)

where s is the order of integrator, di are the coefficients of BDF [34],
and

z
_ �n�1� �

Xs�1
i�0

di 	 z�n�s�1�i�

The starting procedure of the integrator is implemented by the
BDF-1 scheme using an initial value and the initial step size. In the
n� 1 time step, all variables before this time step are known [ ~z�n�1�

is the known variable at the n� 1 time step, while z�n�1� is the
unknown variable]. Substituting Eq. (32) into the first equation of
Eq. (31), and satisfying Eq. (31) at the n� 1 time step, we arrive at

��z�n�1��

�
f�z�n�1�; ds 	 z�n�1� � z

_�n�1�; t�n�1�� � gz�z�n�1�; t�n�1��&
g�z�n�1�; t�n�1��

" #

� 0 (33)

The integration of Eq. (31) can come down to solving the nonlinear
algebraic Eq. (33), which can, in turn, be solved by Newton iteration
method.

Once the unknown variable z�n�1� is solved, other variables on the
n� 1 time step can be computed. Then there is a need to check if
sampling must be done in order to update the observed variable y�s�

according to Eq. (28). By applying Eq. (32) to the state variable x, the
discrete form of Eq. (26) is obtained as�

x�n�1� �A�1d b�n�1�

u�n�1� � Cx�n�1� �Dy�s�
(34)

where

A d � dsI �A; b�n� �By�s� � x_�n�1�;

x
_�n�1� �

Xs�1
i�0

di 	 x�n�s�1�i�
(35)

Using Eq. (34), the control vector u�n�1� could be determined and
taken as the input variable of the next time step for control. The
control surfaces are then adjusted according to the input variable
under the action of the angular displacement constraint. This input
variable brings the variation of input �z of the ONERA dynamic
equation due to �c. The variation of input �z induces the change of
aerodynamic force Pa, which executes the flutter and attitude
controls. The control variable Fp is thus adjusted to execute the
throttle control.

VI. Solution of Trim Condition
by Dynamic Relaxation

In this work, trim condition was solved using dynamic relaxation
of the controlled aircraft. The solution procedure can be described as
follows: the objective state variables of trimming were taken as the
control target of attitude and throttle controls, and the trim condition
obtained by the trim equation of the rigid aircraft model were set as
the initial parameter settings of the flexible aircraft model [35–37].
Then by integrating governing Eq. (29) in the time domain, the
aircraft converges to steady flight state under the action of attitude
and throttle controls, aswell as damping.When the derivative items �q
and _�z became less than the given error bound, the converged state
variables

�z� � �qT �_qT ��Tz ��T �T (36)

and

�u� � ��T �Fp �T (37)

satisfy the trim equation of the flexible aircraft approximately; that is,8>><
>>:
�Q� �q; �_q; t� � P� �q; �_q; �u; ��z; t� ��T

q� �q; t�� � 0

Oz ��z � �z� �q; �u� � 0

�� �q; �u; t� � 0

(38)

In the dynamic relaxation simulation, the structural damping of the
system could be increased artificially to accelerate the convergence
of the trimming process. At the trim state, the aircraft maintained
steady configuration, the deformation rate was zero, and the
structural damping force item in trim Eq. (38) of the systemwas zero,
so the high structural damping did not lead to the deviation of trim
states.

In the frame of multibody system dynamics, the trim state can be
conveniently solved very quickly with an implicit BDF of first order
or second order. As shown in the presented examples, the trim state
can usually be obtained in a fewminutes. Of course, the trim state and
condition can be also obtained by solving Eq. (38) directly.

VII. Derivation of Perturbation Equation
for Stability Analysis

The perturbation equation of the multibody system is derived
around the trim state to study the stability of the system. The small
perturbation ~z around the trim state �z is denoted as

ẑ� � q̂T _̂q
T
�̂
T
z �̂T �T (39)

The integral variables z can be expressed as

z � �z� ẑ (40)

Substituting Eq. (40) into the first three equation of Eq. (29), the first-
order linearization approximation around the trim state �z is obtained
as 8>><

>>:
�M �̂q�� �Cs � �Gs� _̂q� �Ksq̂��T

q �̂ � 0

_̂
�z � Oz�̂z � ��z� _q _̂q� ��z�qq̂� 0

�q� �q�q̂� 0

(41)

where

�M�M� �q�; �Cs ��P _q; �Gs ��Q _q

�Ks ��Pq � ��T
q��q �Qq (42)

The variable �M is computed according to Eq. (7), while �Cs, �Gs,
and �Ks can be solved with an analytical or numerical Jacobian
method [38].

With the presence of constraints, the generalized coordinate q is
divided into two parts: independent generalized coordinate qi and
dependent generalized coordinate qd. Denoting �i

q and �d
q as the

Jacobianmatrices with respect to qi and qd, the constraint equation in
Eq. (41) can be written as

� i
q� �q�q̂i ��d

q� �q�q̂d � 0 (43)

Using Eq. (43), q̂ can be expressed in terms of q̂i as

q̂��q̂i (44)

where

� � I
���d

q��1�i
q

� �
(45)
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Substituting Eq. (44) into the first equation of Eq. (41) and
premultiplying �T , we can easily prove that

� T�T
q �̂ � 0 (46)

The perturbation equation of the multibody system is obtained as

�M 
 �̂q
i � � �C
s � �G
s � _̂q

i � �K
s q̂
i � 0 (47)

where

�K 
s ��T �Ks�; �C
s ��T �Cs�; �G
s ��T �Gs�

�M
 ��T �M� (48)

Through solving the characteristic equations of Eq. (47), the
eigenvalues and eigenmodes of the system around the trim state can
be solved, in which the stability of the system around this trim state
can also be obtained.

VIII. Examples and Discussions

As fundamental verification of the presented approach, the
different modules (namely, 1-D structure, airfoil aerodynamics, and
flight mechanics) have been verified separately with publicly
available data [39]. In this section, the presented approach was
applied to study the coupled behavior of flight dynamics and
nonlinear aeroelasticity of a flexible aircraft. First, the trim and
aeroelasticity of the wing was studied, then the trim condition of the
flexible aircraft was obtained via dynamic relaxation under attitude
and throttle controls. Next, the coupled flutter and flight dynamic
behaviors of the flexible aircraft in level flight, as well as during the
circling, loop, and dive–loop–climb maneuvers were studied. A
flutter control law was designed to suppress limit cycle response and
stabilize aircraft attitude in flight. This flutter control law was
combined with the attitude and throttle control laws.

A. Model Parameters of the Flexible Aircraft

The entire aircraft model was built using the presented approach.
Table 2 lists all themodel parameters of the entire aircraft model. The
coordinate system OXYZ that was fixed to the fuselage was built to

Table 2 Model parameters of the whole aircraft model

Parameter

Mass, kg Fuselage: 40, wing segment: 10, tails: 10, fin: 10, rudder: 2, flap segment: 2, aileron segment: 2
Rotational inertia �Jx; Jy; Jz�, kg 	m2 Fuselage: (5.3, 100, 103.3), wing segment: (1.3, 25, 25.8), tails: (1.3, 25, 25.8), fin: (1.3, 25, 25,8),

rudder: (0.26, 5, 5.2), flap segment: (0.26, 5, 5.2), aileron segment: (0.26, 5, 5.2)
Centroid coordinates �xC; yC; zC�, m Fuselage: (5.2, 0, 0), wing segment: (0, 0, 0), tails: (8.5, 1.6, 0), fin: (8.5, 0, �1:0),

Rudder: (9.7, 0, �1:0), flap segment: (1, 1, 0), aileron segment: (1, 1, 0)
Young’s modulus and Shear modulus, Pa 5 � 108, 2 � 108

Cross sectional area, m2 Wings: 2 � 10�3, flaps and ailerons: 2 � 10�3

Inertia moment �Ix; Iy; Iz�, m4 Wings: 1 � 10�3, 5 � 10�4, 1 � 10�2

flaps and ailerons: 1 � 10�3, 5 � 10�4, 1 � 10�2

Lift area, m2 Wings: 20 tails: 6.4, fin and rudder: 2.2
Zero-lift angle of attack, rad wings, tails, fin: �0:01205

control surface: 0.0
Distance between the mass axis and the elastic axis, m 0.1
Distance of 1=4-chord to Elastic axis, m 0.3

Fig. 6 OXYZ frame fixed to the fuselage of whole aircraft model.

Fig. 7 Modal frequency and modal damping coefficient corresponding to different freestream velocities.
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determine the relative locations of the aircraft parts (Fig. 6). Its origin
was located on the intersection point of the fuselage central axis and
the wing mass axis. Its three coordinate axes point to the chordwise,
spanwise, and downward directions, respectively. The wing was
divided into 21 segments, the left and right ailerons were divided into
four, and the dihedral and sweep angles were set as zero. The rigid
model of the aircraft was obtained by increasing the Young’s
modulus and the shear modulus of the flexible wing by two orders of
magnitude, simplifying the design of the flight control law.

B. Aeroelastic Analysis of the Wing

The wing model was obtained by considering the one-sided wing
of the entire aircraft model. Based on different freestream velocities,
the response of thewingmodel was simulated to obtain the trim state,
around which the perturbation equation was solved to determine
critical flutter velocity.

In this example, the freestream velocity was set as 10 m=s initially
and then increased by 5 m=s. The wing tip was excited by pulse, and
itswidthwas 0.01 s. Before the freestream speed reached 45 m=s, the
trim states of the wing were obtained from the converged response.
When the freestream speed exceeded 45 m=s, the diverged response
from the trim state was simulated. The converged response was
solved by numerically increasing the structural damping of the
system to achieve the trim state. Then the structural damping of the
system was restored, after which the perturbation equation around
the trim state corresponding to every freestream speed was analyzed
to obtain the modal frequency and damping of the system (Fig. 7).
According to modal damping, the critical flutter speed was
determined as 41:75 m=s, and the instability mode of the systemwas
the first order.

When the freestream velocity exceeded that of critical flutter, the
wing diverged from the trim state and converged to the limit cycle
solution due to the structural nonlinearity and damping. Figure 8
shows the LCO response and phase diagram under the influence of
the freestream of 55 m=s.

C. Trimming of Flexible Aircraft in Level Flight

The trim condition of the flexible aircraft in level flight was
obtained by the dynamic relaxation approach under attitude and
throttle controls. The control law is listed in Table 3, where kLEp , kREp ,
kRAp , and kRp are set as�1; kLAp is set as 1; kLEd , kREd , kRAd , and kRd are set
as�0:25; kpp is set as 2520; and kpd is set as 0. For the trimming of level
flight at 55 m=s, the reference control signals are set as

� � �_ � 0; ��� �_�� 0; ��� �_�� 0

�vh � 55 m=s; �ah � 0 (49)

By solving the governing system of Eq. (29) with the high structural
damping under attitude and throttle controls, the flexible aircraft
achieved the steady level flight state (Fig. 9). Meanwhile, the
deflection � of the control surfaces and the thrust Fp of the engine

converged to constants �� and �Fp. These were taken as parameter
settings for trim (Fig. 10).

D. Aeroelastic Behavior of Aircraft in Level Flight

In this example, the aeroelastic behavior of the aircraft in level
flight was studied at three velocities. The responses of torsion angle
of the left wing are shown in Fig. 11. The criticalflutter velocity of the
entire aircraft can be determined as 44 m=s, which is greater than that

Table 3 Flight control law

Input Control law Observed variables

�ALE, �
A
RE �ALE � kLEp �� � ��� � kLEd � _� �

�_�� and �ARE � kREp �� � ��� � kREd � _� �
�_�� � and _�

�AR �AR � kRp� � � � � kRd � _ �
�_ �  and _ 

�AA �ALA � kLAp ��� ��� � kLAd � _��
�_�� and �ARA � kRAp �� � ��� � kRAd � _��

�_�� � and _�

Fp Fp � kpp�vhf � �vhf� � kpd �ahf � �ahf� vhf and ahf

Fig. 8 Response and phase diagram of the torsion angle of wing tip under the freestream of 55 m=s.

Fig. 9 Initial configuration and trim configuration of the flexible

aircraft in level flight.

Fig. 10 Converged control surface deflection �� and engine thrust �Fp.
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of the wing model (41:75 m=s). The cause of the variation of critical
flutter velocity is that the attitude control introduced the damping into
the system, which increased the stability of the system brought about
by the impact of structural nonlinearity.

The bending moment and twisting moment of the wing root is
shown in Figs. 12 and 13.

When the velocity of the flexible aircraft exceeded that of critical
flutter, the wing of the aircraft also diverged from the trim state and
converged to the limit cycle solution. Interestingly, the LCO response
of the aircraft was dominated by the antisymmetric flutter mode
coupled with fuselage roll (Fig. 14).

In this example, the airspeed was 55 m=s. Figure 15 shows the
LCO responses of the torsion angle of the wing tips and the roll
response of the fuselage.

A modal analysis was performed in order to obtain the rigid-body
modes and wing elastic modes of the flexible aircraft. As shown in
Figs. 16 and 17, the first elastic modewas a coupling one of the wing
bend and the ups and downs of fuselage, and the second elastic mode
was a coupling one of the wing bend, torsion, and fuselage roll. The
second elastic mode dominated the response of the aircraft when the
flutter occurred.

E. Joint Control of Flutter and Attitude

Using the control law presented in Sec. VIII.C, the joint control of
flutter and attitude was used to stabilize fuselage attitude and
suppress LCO response. The accelerations of five measuring points
were used as the observed variables of a feedback controller. The
response of accelerometer 0, which was attached to the fuselage, was
taken as the reference signal (Fig. 18). The uncontrolled and
controlled responses of thewing tip are shown in Fig. 19. It indicates
that the control lawpresented in Table 4 also controlled aircraft flutter
effectively.

Interestingly, the suppression of flutter response induced the
divergence of fuselage roll, as shown by the red line in Fig. 20. The
fundamental reason for this phenomenon is given in the following
analysis.

Figure 14 shows that the flutter response of the aircraft is
dominated by the antisymmetric mode. The antisymmetric response
is suppressed by control surface adjustment in accordance with the
flutter control law, which produced the roll moment that induced
fuselage roll divergence. Since the ailerons were applied to flutter
control, they could not independently stabilize fuselage roll. Hence,
it became necessary to seek the collaboration of other control
surfaces. The two all-moving tails were used to provide auxiliary roll
control by asynchronous rotation. Through the joint control, the LCO
response was suppressed and fuselage roll was stabilized as shown
by the blue line in Fig. 20.

F. Trimming of the Aircraft in Circling Maneuver

The control law of the aircraft in a circling maneuver is discussed
in this section. Through this law, the trim condition of the flexible
aircraft was computed using the proposed dynamic relaxation
approach. A circling maneuver can be obtained using ailerons and
elevators. The fuselagewas maintained at a constant roll angle by the
ailerons to provide the centripetal force for circling. The pitch angle
of the aircraft was adjusted by the all-moving tail to compensate for
the lost lift force due to aircraft roll. Taking the altitude h, the pitch

angle �, and its derivative _� as the observed pitch control variables,
the aircraft was maintained in a horizontal plane. The control law of
the left and right tails is given by

Fig. 11 Response of wing tip torsion of whole aircraft in level flight of three velocities.

Fig. 12 Bendingmoment response ofwing root in levelflight at 43 m=s.

Fig. 13 Twisting moment response of wing root in level flight at
43 m=s.

Fig. 14 Aircraft flutter mode at trimmed level flight.
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Fig. 15 LCO response of wing tip torsion coupled with the roll response of the fuselage of the whole aircraft in level flight.

Fig. 16 First elastic mode (1.33 Hz).

Fig. 17 Second elastic mode (2.53 Hz).

Fig. 18 Joint control system of flutter and attitude.

Fig. 19 Torsion responses of wing tip without flutter control and with

flutter control.
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�ALE � �ARE � kEp�� � ��� � kEd � _� �
�_�� � kEi �h � �h� (50)

where kEi is set as 
=180, and the rudder control is removed. The
control laws and control parameters of other control surfaces are the
same as those shown in Table 3.

Using this attitude control law and the proposed trimming
approach helped solve the trim condition for steady circling
maneuver. The reference variables are set as

� � �_ � 0; ��� 
=4; �_�� 0

��� �1= cos ��� 1��L�0; �_�� 0; �vh � 55 m=s

�ah � 0; �h� �_h� 0 (51)

The flexible aircraft achieved a steady circling maneuver by
solving the governing system of Eq. (29) with high structural
damping under attitude and throttle controls (Fig. 21). Meanwhile,
the deflection � of control surfaces and the thrust Fp of the engine

converged to constants �� and �Fp; these were taken as the parameter
settings for trim (see Fig. 22).

The circling loci of the rigid and flexible models of the aircraft
under the same control law are, respectively, shown in Fig. 23. The
turning radius of the rigid model is 590.7 m, and that of the flexible
model is 595.9 m. Comparing the circling loci of the two models, the
convergence speed of the flexible model is less than that of the rigid
model.

G. Aeroelastic Behavior of the Aircraft in Circling Maneuver

In this example, the aeroelastic behavior of the aircraft in a circling
maneuver at two velocities was studied. The torsion angle responses
of the left wing are shown inFig. 24. The criticalflutter velocity of the

circling whole aircraft is 27:2 m=s, which is much less than that of
the wing model (41:75 m=s) and that of the aircraft in level flight
(44 m=s). This result shows that it is dangerous to substitute the
aeroelasticity of the circling whole aircraft with that of the wing
model. For the circling aircraft, due to the effects ofCoriolis force and
centrifugal force, the aerodynamic forces acting on the two wings
were asymmetric, which resulted in an easily excited antisymmetric
mode.

When the velocity of the flexible aircraft exceeded that of critical
flutter, the wing of the aircraft also diverged from the trim state.
Similar to the response of the aircraft in level flight, the circling
maneuver was dominated by the antisymmetric flutter mode coupled
with fuselage roll. Figure 25 shows theflutter responses of the torsion
angles of the left and right wing tips.

Table 4 Flutter control law

Sensor Input Feedback control
transfer function

Observed
variables

apf , afw1 , afw2 ,
afw3 , afw4

�FLF, �
F
RF,

�FLA, �
F
RA

F�s� � �0:01 3s�1
s2

afw2 , afw3 ,
afw1 , afw4

Fig. 20 Fuselage roll responses with and without attitude control.

Fig. 21 Circling maneuver.

Fig. 22 Converged control surface deflection �� and engine thrust �Fp for

steady circling trim.

Fig. 23 Circling loci of the rigid and flexible models of the aircraft.

Fig. 24 The torsion response of the aircraft wing tip in circling at two

velocities.

ZHAO AND REN 51



The difference from level flight lay in the fact that the diverged
response in a circling maneuver never converged to the stable limit
cycle solution because the steady circling was disturbed by flutter.
When the wing fluttered, the varying aerodynamic force was exerted
upon the fuselage through the wing root, inducing attitude
divergence.

H. Flight Control and Aeroelasticity in the Dive–Loop–Climb

Maneuvers

Dive, loop, and climb are three typical longitudinalmaneuvers that
are usually combined. The control law of the aircraft in the com-
binatorial maneuver consisting of dive, loop, and climb is discussed
in this section, and the aeroelastic response of the flexible aircraft in
this maneuver is solved. This combinatorial maneuver can be
obtained by the control of the elevator or all-moving tail, where the
angular velocity of the left and right tails is set as

_� ALE � _�
A
RE �

8>>>>><
>>>>>:

�
=60� sin�
t=6� t � 6

0 6< t � 12

�
�t � 12�=96 12< t � 14
�
=48 14< t � 30
�
=48� 
�t � 30�=96 30< t � 32

0 t > 32

(52)

The control laws of other control surfaces were the same as that for
level flight, for which the reference variables are set as

� � �_ � 0; ��� �_�� 0; �vhf � 30 m=s; �ahf � 0 (53)

The combinatorial maneuver was achieved under these control
inputs (Fig. 26), in which several numbers and markers provided the
relationship between the location and heading velocity of the aircraft.
The initial velocity of the aircraft was set as 30 m=s. Because of the
dive and loop acceleration, the aircraft speed exceeded the critical
flutter velocity, and the wing of the aircraft also diverged from the
trim state.

Similar to the response of the aircraft in level flight and in the
circling maneuver, the aeroelastic response of the aircraft in the
combinatorial maneuver was dominated by the antisymmetric flutter
mode coupled with fuselage roll. Figure 27 shows the aeroelastic
responses of the torsion angle of the left and rightwing tips.When the
aircraft entered the climb stage, aircraft speed was reduced rapidly
before finally returning to a steady state.

The bending and twisting moments of the wing root are shown in
Figs. 28 and 29. As can be seen, the structural internal force changes
rapidly with the occurrence of flutter, for which further flutter
suppression are required before this maneuver.

Fig. 25 Torsion response of the left and right wing tips.

Fig. 26 Dive–loop–climb maneuver and its corresponding heading
velocity.

Fig. 27 Torsion response of the left and right wing tips.

Fig. 28 Bending moment response of the wing root in the dive–loop–
climb maneuver.
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IX. Conclusions

With the development of multibody dynamics, studying the
coupled behavior of flight dynamics and aeroelasticity of the flexible
aircraft in levelflight andmaneuvers such as circling, loop, and dive–
loop–climb has become possible. To achieve this goal, the integrated
approach of flight dynamics and nonlinear aeroelasticity was
presented in this paper. Themultibody dynamic equationwas aDAE,
in which the constrained system containing rigid and flexible
components was conveniently modeled. Furthermore, the governing
equations of the flexible aircraft, consisting of the multibody
dynamic equations, ONERA aerodynamic equations and control
state equations, were established; in turn, these made it feasible to
integrally study flight dynamics, aeroelasticity, and the flexible
aircraft. In this paper, themethods for trimming and stability analyses
based on multibody dynamics were also provided. These methods
were used to determine trim condition by solving the governing
equations with trim flight parameters as the control target in the time
domain: i.e., dynamic relaxation method. Then the flutter critical
velocity and instability mode of the system was determined by the
perturbation equations around the trim state.

Through simulation of the flexible aircraft in level flight and
different maneuvers, several interesting aspects of the flexible
aircraft flutter were revealed. First, the antisymmetric flutter mode
involving the fuselage roll was found. The simulation showed that
the suppression offlutter response induced the divergence of fuselage
roll and it is necessary to include the attitude control in the
suppression of flutter. This study likewise found that the critical
flutter velocities of flexible aircraft varied with the different types of
maneuvers.

The approach presented in this paper can be used to study the
coupling dynamic behavior of a maneuvering flexible aircraft as well
as model the constrained system that undergoes large displacements
and rotations with mechanisms such as joints. As a time-domain
approach, this approach is expected to be used in conceptual aircraft
design. However, as for the determination of the flutter boundary, the
classical frequency-domain aeroelastic approaches are more
convenient.

For future studies, the flutter control for the circling and dive–
loop–climb maneuvers is expected to be studied. The absolute nodal
coordinate formulation beam is a potential approach for the nonlinear
structures with large deformations and large rotations. In terms of the
absolute nodal coordinate formulation shell element and the
unsteady vortex-lattice aerodynamic model, this approach is
expected to be generalized to the wing characterized by a complex
geometry configuration.
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